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is written, apart from a constant factor, in the form
€ty
* —_— )2 _ — ‘ — g N
\ cos MLD«U B (x = 21)? {72 - @) —~ (23 — ag)! — (z — my)* dz (51)

(o — 212+ (22 — as)?)#

D
—ay

Integrating (4.1) twice by parts, a power-law singularity canbe extracted that occurs at
the angular point (a,, ;) in the form

(11— @) [(#1 — a1)® - (22 — a)?]

[{(z1 — @1)% + (z2 — az)?]2

Analogous power-law singularities are obtained at angular points when investigating the
other components in the expression for ;.

A\ 5. Results of numerical investigations. Formally
4 setting o fe = Gt =4q¢, ¢y =, =0 in (1.6) and (3.5), we will obtain
7 the solution of the stationary heat conduction problem and the
corresponding static thermo-elasticity problem for a plate with a
rectangular cutout on whose boundaries the heat flux ¢, is given.
_—’—’,/' For this case the dimensionless temperature field 0= TA/¢0 was
computed as a function of X,=z,/8 for 4;=ay8=10, 4,= a,/d= 20,
2 Bi = a6/ = 0.1and different X, =4,/6. A 20x20 and 40 x40
a5 N matrix of the truncated system was formed in solving system
\\ (1.7) by the method of reduction. Results of the calculations are

14

practically identical. The results of the temperature field com-
putations are represented as graphs in the figure for X, = 10; 11.25,
======== 12.5 (curves 1, 2, 3, respectively). It follows from the graphs

0 20 X, that the maximum value of the temperature is achieved at the angular
point. The temperature is equalized with distance from the boundary.
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ACTION OF A UNIFORMLY VARIABLE MOVING FORCE ON A TIMOSHENKO BEAM
ON AN ELASTIC FOUNDATION., TRANSITIONS THROUGH THE CRITICAL VELOCITIES

YU.D. KAPLUNOV and G.B. MURAVSKII

The vibrations of an infinite Timoshenko-type beam on an elastic foundation
subjected to a force whose point of application moves over the beam with
constant acceleration are considered. Resonance effects associated with
the transition of the velocity of motion of the load through three critical
values characteristic for the system being considered are studied.
Asymptotic representations are constructed for the solution of the problem
corresponding to the load acceleration approaching zero.
*Prik.Matem.Mekhan.,51,3,475-482,1987
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Cases of high-velocity loads acting on a structure of large extent
are encountered more and more often in engineering. In this connection
it becomes of greater importance to take account of the resonance phenomena
determined by the presence of so-called critical velocities ina mechanical
system. If the slowly changing velocity of motion passes through a
critical value, we would expect, by analogy with the well-known phenomenon
of the "passage through resonance", that the growth of displacements of
the points of a mechanical system would be all the more explicit the
smaller the magnitude of the acceleration of the moving load. Such
questions were studied in /1-4/ as they apply to certain one-dimensional
systems. A Timoshenko-type beam on an elastic foundation is an example
of a more complex system; it has three critical velocities, the first of
which is due to beam and foundation interaction, while the other two
correspond to velocities of shear and tension-compression wave propagation
in the beam material.

1. Construction of the solution of the problem. Let a force P, whose point of
application moves along the X axis according to the law s (t) = vot 4- wt¥/2, be applied to an
infinite Timoshenko beam resting on an elastic foundation at the time ¢==0. Here s is the
distance between the point of application of the force and the origin, v,> 0 is the initial
velocity w>0 1is the acceleration, and the upper sign corresponds to accelerated motion,
and the lower to retarded motion. We introduce the dimensionless quantities

1= (-";—y/' , E=2 (Tkj )I/' v (M) =T+ wlztn

Doy == Ug (e ) = T
w="ro(z57) " U= e

where k is the coefficient of elasticity of the foundation, m is the mass per unit length of
the beam, and EJ is the bending stiffness. We will represent the beam deflections in the form

y@Gt)=~P (%)’ S w4 8 (1) — s, (1), 7 — 1y dr, 1.1)

o
where {= E—~s5,(t) is the dimensionless coordinate of a point of the beam in the moving

coordinate system, and u (E,T) is the solution corresponding to the action of an instantaneous
unit impulse. According to /5/

u )=

1 R cos AE . .
BT § 25D (fosin ta — fpsintf)dh (1.2)

1 AR2 5 R 1i A2 1 2
D=1t — (MR + 22 + 4R)=4 - +[2_S__T+T(T_B)]

a=(~D{fh, Pp=(r+ DY
r=[é s +1+2(R+ )]

4R — 3
fv=—R-—$ih—(v=a,ﬁ);

-m

R—__ GF __21( k )-/.
T 2gy (kEDA ] - EJ

Bere G is the shear modulus, F is the section area, I is the moment of inertia per unit
length of the beam relative to the neutral plane, and @; is a coefficient which depends on
the shape of the section (for a rectangular section a;==1,2).

Substituting (1.2) into (1.l1) and putting =1 — T, we obtain

P

Y =YoP yo=m 1.3)
p=i§—1-—[f Ja (v, A) — fodp (1, M) dA
SR ) aspl TR
T
Jy (T, A) == S cos A [; + UM —_l——;—wln (2t — n)] sinnydn= 1.4
+ Az, ’

v S cos A [Z; + v1v1]1?|—‘—;-vn1’] sin vnydn, = Re [ﬁ%mﬂ (Joy — JW)]
[}



FAv,
Jiy=§ exp[— (an;® + 2bgyny)l dn,
o
v=1/w, vy=vewT, Av =0 Uy
m=n/v, a=—4Y,ivA
byy = —Ypiv [, + (—1)fy] (y==a,p; k=1,2)

The integrals Jpy are expressed in terms of the probability integral /6/

Tiv= 5= | 217 (210) — exp (dhy — Ziw) F (20wy)] (1.5)

F (z) = exp 2% erfe (2) 2y = — exp ($ —Z—L> V% i [y + (= 1Fy) (1.6)

The quantity 2,y 1s obtained from zxy by replacing v; by Vor.

We use well-known expansions of the probability integral /6/ in calculating # (2)-

Iet us examine the case of uniformly accelerated motion ©Of the force P over the beam in
more detail. To perform the numerical computations, especially for large values of v, it is
important to determine the position of the points 3y, Zery (Y=, P) in the complex plane for
different values of the parameters Vy, Vp; and the variable of integration A. According to
(1.6), the points 2y and Zpy lie inthe third quadrant of the complex plane for A> 0. To
improve the convergence of the asymptotic series we apply the symmetry relationship /6/ F (—
z)==2exps2 — F (z) for the quantities F (Zw) and F (3) in (1.5). Let us consider the
quantity Z. This point will lie in the right half-plane for all A >0 if > Ay This last
requirement is satisfied for fairly small values of v,. The boundary value of the dimensionless
velocity »,* is found by equating 2, to zero and requiring that the root A be multiple. The
condition 2z, =0 reduces to the form

M —dit 4+ 4 =0
c=(1 —Svf)( ——-'}};—2), d=vlz(4+ _f?—) — —Ii?—
We obtain from the condition of multiplicity of the root

e S R e A

The value of v,*obtained as a result agrees with the value of the critical velocity 2
resulting in unboundedness of the stationary solution corresponding to uniform motion of the
force /5/. The positive root of the equation Z (A) =0 will be A =A* = (Y,d/c)* where c and
d are determined for v, == v;*. As has been shown in /5/, v,* << R, v)* < S~ v* 1. The
quantity R% corresponds to the shear wave velocity in the beam and §~'/+ to the tension-com~
pression wave velocity. We note that the quantity v * results in a positive root A* under the
additional requirement /5/

R> 218 + (82 -+ 16)%)1 (1.8)
If v, exceeds 1,* but is less than R%,then for two values of A determined from the equation
a—Avy; =0 (1.9)

transition of the point z;4 from the right half-plane to the left occurs, and vice-versa. The
appropriate values of A will be

Ye \s
ha= (LE22)", p—ar—t6e (1.10)

As v;—~ R we have Ay;— oo, Ay— 2/(4R + § — R, If v, exceeds R'* we have just one
positive root of (1.9) that agrees in form with A; according to (1.10).

The remark made above that refer to the behaviour of the quantity 2, remain valid even
for the quantity 2Zpe with V; replaced by vy;. We will consider accelerated motion under the
condition that vy << v,*. Then the point Zge will be in the right half-plane for all A > 0.
To evaluate the component F (2;4) for n,y*< v, << R” and M<<A <Ay as well as for v,> R
and A > 1;, we use the symmetry relationship already mentioned and subsequent application
of standard expansions. In connection with the quantity Jg the behaviour of the points 2z
and 2,3 should be considered. The point 2;3 (%¢8) is in the right half-plane for A > 0 if
v < 8- (v, << S7Ms).  If vy, > S (Vg > §7'5), then a point A of the passage of Zj (2gp) from the
right to the left half-plane occurs; the expression for this point agrees with A, according
to (1l.10).
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Assuming that (1.8) is satisfied, we write the final expression for the quantity p (§, vy)
(vor << v1*)

0

b= {OMd @<y (1.41)
b= {8+ S+ é OB} (@F <v < BY) 1.12)
p= {51 + § [@a(}) + Dy (M) dx} (R <o, <87 (1.13)
b= %{Sl + 8, + § [Py (M) + D (A) — Dp (M)] dk} (v, >8" (1.14)
Here
Ay A
s;={ o(ar, Ss=§ (@ (A) + @, () dA {1.15)
0 1

QM= 2_2 (——-21‘31 )‘/’ Re {exp [i (KC + —2—)} (o — ‘Ps)} )
Yy =fy[F (22y) + F (— 223) — exp (zly — zo) F (5ony) —
exp (zgv - Zgw) F (— zow)]

Dy (M) = %(,2}%‘_)'/']:? Re {exp [z%v - (M + —Z—)]} (y=0o.P)

@, (A) is obtained from @ (A) by replacing F (21s) by —F (—%ua), @, () from @, (A) by replacing
F (z) by —F (—zp).

No difficulties should be encountered in performing calculations using (1.11)-(1.15) if
the parameter v does not take large values, However, it is the case of large values of v
(small accelerations), for which resonance growth of the deflections and stresses should occur
at the critical velocities, that is of greatest theoretical and practical interest. The
calculational difficulties for large values of v are associated with rapid oscillations of
the functions t:D\r (A). Moreover, the neighbourhoods of the points A and A, at which the quantities
7y vanish require attention. At the points A; and A, the functions @ (A), ®; (A), O, (A) grow
as the parameter v increases since F(0)=1 while growth of the functions already does not
occur for AsA;,A. Because of the abrupt change in the integrands the mentioned neighbourhoods
must be shrunk with a simultaneous increase in the number of nodes of the quadrature formula.
The difficulties associated with the rapid oscillations are overcome by application of a Filon-
type quadrature formula.

Note that components containing 2Zegy can be discarded in the solutions (1.11)-(1.15) for
large values of v. These components represent the transient and damp out rapidly as the
quantity Av; increases, which is assured by the oscillating factor exp (z?w — Zw)  (an
additional exponentially decreasing factor appears when dissipation is taken into account).

2. Asymptotic behaviour of the solution as v-»oo. The case v <<% Only the
first terms of the asymptotic expansion of the probability integral can remain in (1.11);
consequently, we arrive at a stationary solution corresponding to the running value of the
dimensionless velocity v1/5/.

The case U, ==1;*. Now for a small neighbourhood of the point of application of the force
an increase in the deflections is characteristic as the parameter v increases. The main term
of the asymptotic form is generated by a neighbourhood of the point A*, where 2z, vanishes
together with its derivative

Ziq == (VAR)27ha” (M) exp (nifd) (A — A%)? 1)

Making the substitution

0 = VW2 [a” (A*)]Ye A¥)N (M — A¥) 2.2)

for the integration over the neighbourhood mentioned and keeping only the component with
F (230) in the solution (1.11), we arrive at the asymptotic representation

BE o~ T () (g ) e 02 8D, (0) @ (41 X cos (A3 + ) (2.3)

The case un,* <<v, << R)’*. To construct the asymptotic representation of the solution, the
neighbourhood of the points A, and A, should be studied for the integration of ® (A) anda @, (A),
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as should the stationary points of the integral of @y (A). For the investigations of the
stationary points we write

Avy —a)? g 4

da+ iME=ivlha(h) + M)y ha(h)= U p = (2.4

The behaviour of the derivative h;' (M) is shown in Fig.la (v, =1) in the case under
consideration (the graphs in Fig.l correspond to the values RY"+=105, §74 =14, and uv* = 0.932).
The points Ay, Ay, Ay are stationary and the second derivative of the function kg (A) vanishes
at the points Agand Ag.

o a = b
o401 T\
TN 1
} \ a4 t 1
PRLY A A AL |
1 L5 2 [25 |
g O A
10 15
-0.01 AL AR A

Fig.l

=

Without going into detail, we say that for small |{| the complete asymptotic representation
is determined by the sum of the stationary solution W; and the contribution of the stationary
point A,
fo (A3) co8 [vh, (hs) + As7]
S [AeDs (As) | g (As) I}

B v)=p + (2.5)

It is clear from Fig.l that values {y can be mentioned for which the most intense increase
in the deflections should be expected as v grows., Indeed, for ly={yy = —hs' (Ay) and U, =
Lwe = —hy' (As) at the points A; and A; we will have second-order stationary points that will
result in asymptotic representations of the form

kG 0= (e ) e GO T () X (it ) eos [vha(h) + visn + ] (2.6)

The formula for p (Lv;, v;) is obtained from (2.6) by replacing &y by &w and Aiby As

The case U, = R':. As the parameter v, approaches the quantity RY* from below, the point
Ay goes to infinity. The estimation of the contribution of the infinitely remote point A,
represents the greatest complexity in constructing the asymptotic representation of the solution.
For { =0 the replacement ¢ =A"": is made, which removes the point mentioned to the origin.
Components that increase as +v/s as v increases occur during the integration of each of the
functions @, and @, in the neighbourhood of ¢ =0; however, these components are mutually
annihilated in satisfying condition (1.8). Consequently, for (=0 the asymptotic form
(2.5) is valid, where the component K3 for { = 0 vanishes for { == 0. Calculations show that the
asymptotic form (2.5) actually remains valid for §<CO.

We note that in the case when condition (1.8) is not satisfied the quantity p increases
v'h as w~ increases for [ =0, which corresponds to the result for a string or a rod in which
only shear strains occur /2/. 1In this case the two critical velocities »,* and RYs merge into
one R

The case R'Y»< v, < §-*:. The form of the dependence kg is shown in Fig.lb (v, =1.8). For
a small neighbourhood of the point of application of the force the asymptotic form contains
the stationary solution p, /5/ to which the contribution of the stationary points Az and A,

fo(he) co8 [vho (ha) = Ths]  F (he) sim [vhy (he) - Lha]
~ — 2.7
M o D G T (o) T S [aDr (he) h” (he)T @n

should be added for v, close to % (k' (Ag) << O0).

If hy' (Ag) >0 (as v, approaches S-'4),then the complete asymptotic form is determined by
Pa-

We also considered a point on the beam with abscissa &v= fys= —ha' (00) = —%, (1; — R")%
In this case there is a stationary point for the integral of the function @y (A) located at
infinity. It turns out that when condition (1.8) is satisfied the deflections at the point
{vs decrease as v increases; if this condition is not satisfied, then as in the case of a
string /2/, an increase in the deflections occurs at the point f{vs as v increases for
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velocities close to RY». Note that the derivative of the deflections with respect to the
variable ! becomes infinite for the point (s 4 0.

The case v, > S™h. Now it is necessary to take account of the appearance of a point A,
on the real axis where the quantity 2z, vanishes. The point A; will be stationary for an
integral of the function @3 (A) for wv; > S~¥*+ and an abrupt change in the function D, (r)
occurs in the neighbourhood of this point for large values of wv.

For a small neighbourhood of the point of application of the force, the asymptotic form
is reduced to the stationary solution for uniform motion of the force /5/. In addition to
the points vy, Lve, lvs, consider earlier the point [y, determined by the value of Ly =
—hg' (A;) should be considered (for A=23, the quantity hy’ reaches a maximum). According to
the method of stationary phase, the neighbourhood of the point 4, yields a contribution to
the quantity u for §y= {ygq that increases as v+, however because of the rapid decrease in
the function @y (M) as A increases, the quantity p (fvy, ) remains small even for very large
values of w.

3. Results of numerical calculations. fThe
examples presented below for numerical calculations
illustrate the dynamic effects associated with passages
through the critical velocities. 'The calculations were
performed for values of the parameters RYi= 1.5; §'r =4,
and v* ==0.932. The graphs in Fig.2 demonstrate the passage

through the first critical velocity u* for {=0. Curves
/ 1, 2, 3 correspond to the values v =100, 500, and 1000.
[/ ¥, The dashed curves correspond to asymptotic representations
\] for the cases » < u* and u* < 1< R” which approximate
the solution outside a small neighbourhood of the critical
velocity »* quite well. For u = 1* the asymptotic form

Flov)

b e
B

-4 | (2.3) should be used, which results in several correct
U significant figures even for v = 100, as calculations
show.
Fig.2 Presented in Fig.3 for the case v== 1000 are resultsg
corresponding to the points &, (curve 1) and ¢{,, (curve 2).
Also given here is a comparison with the asymptotic (dashes). We note that as the parameter

v, tends to the value un* the gquantities {,; and §,, tend to zero, consequently for v, = n*
the ordinates of the graphs in Fig.3 agree with the corresponding ordinate in Fig.2. For
velocities »; larger than »* the values of the deflections at the point L,; turn ocut to be
greater than for [=0.

¥

,, " nAa i =

7 lass i g 4 # '
A -2 AY \\‘
wif \ It i
I\ \/ v W
5 (Y] -3

Fig.3 Fig.4

We note that the behaviour of the deflections of a Timoshenko beam during the passage
through the first critical velocity is analogous to the results for the Bernoulli-Euler beam
/4/. Fig.4a shows graphs of the quantity p (0,v) for ~=50. The dashed curve corresponds to
the Bernoulli-Euler beam (R — o, § —~0), and curves 1, 2 correspond to the parameters R = 2.25,
8§ =14/16 and R = 10, S = 1/64. AS is seen, the results change insignificantly for the range of
variation of the parameters R, S considered.

Fig.4b shows the passage through the second critical velocity R’ where deflections at
the point of application of the force (=0 are considered. The parameters R and S are as
before (R*= 15, §7/*=4). Curves l, 2, 3 correspond to the values ~= 100, 500, 1000. The de-
flections increase as the parameter v increases, where the greatest values are achieved aftex
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the time v, = RY:. For the case «~ — 1uu} the graph of the asymptotic representation (2.5) is
shown by dashes for i < R"Y:, and (2.7) for 1w > Rr'>, As already mentioned, the asymptotic form
(2.5) turns out to be valid even for i == R’

For a further increase in the velocity v, and large values of the parameter v the solution
of the problem approaches the stationary solution p;, which, if only the beam deflections are
kept in mind, does not exhibit resonance effects when the velocity passes through the value
8-, Consequently, the numerical data reflecting the passage through the velocity S are
not presented.

In conclusion, we note that the method elucidated above can be used even to study the
stresses in a beam. Thus, in place of the function u in (1.2) it is sufficient to apply the
expression for the bending moments under the action of an instantaneous impulse on a beam
/5, 7/ when considering the bending moments. An increase in the bending moments as the
parameter v increases will occur on passing through all three critical velocities u*, R", §-'-.
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SOLITARY LONGITUDINAL WAVES IN AN INHOMOGENEOUS NON-LINEARLY ELASTIC ROD

A.M. SAMSONOV and E.V. SOKURINSKAYA

The solution of the Cauchy problem for the equation of longitudinal
displacement wave propgation in an infinitely long elastic rod is con-
sidered taking the physical and geometric non-linearities of the material,
the wave dispersion, and inhomogeneities of the second and third order
elastic moduli into account. A slow change in the elastic moduli in the
wave propagation direction results in a perturbation of the equation of
the problem solvable by the method of multiscale decomposition. It is
shown that for certain initial data the solution of the problem is a
soliton in the longitudinal displacement velocity. The soliton parameters
are determined by the elastic moduli of the material, and its propagation
over the rod is accompanied by a low-amplitude long-wave (plateau).
Relations are derived between the elastic moduli for which the soliton
amplitude remains constant or the plateau is not formed behind the main
impulse. Under other initial conditions the Cauchy problem is solved
numerically, and shaping of the solitary waves is investigated. Soliton
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